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We calculate the electrical resistivity of a two-dimensional electron gas that results from two-
particle collisions and strong Rashba spin-orbit coupling. When combined with impurity scattering,
the two-particle correction to the resistivity is proportional to the square of temperature T if only the
lower helicity band is filled, but the T 2 term vanishes if the Fermi level is above the Dirac point. If
only the electron-electron scattering is present, the resistivity is proportional to T 4 ln |EF/T | below
and above the Dirac point, but this term vanishes at the point itself. Our results have implications
for other systems with doubly connected Fermi surfaces.
It is well known that electron-electron scattering does
not affect the resistivity of Galilean-invariant Fermi liq-
uids because the current is proportional to the total
momentum of electrons, which is conserved by inter-
particle collisions. However in realistic materials the
electron-electron scattering may contribute to the resis-
tivity through several mechanisms, which result in its
T 2 temperature dependence. First of all, it is Umk-
lapp scattering, which conserves the quasimomentum up
to a reciprocal lattice vector1,2. Baber3 suggested that
even normal collisions may result in the T 2 contribution
to the resistivity of multi-band metals if the effective
masses of electrons in the bands are essentially differ-
ent. The combined action of electron–impurity and in-
terband electron–electron scattering was considered in a
large number of papers both for two- (2D) and three-
dimensional systems4–6. Recently, this interplay was an-
alyzed for anisotropic Fermi surfaces7–9. It was found
that the T 2 term is absent for simply connected convex
Fermi surfaces, but is present if they are concave or mul-
tiply connected. Based on these findings, one may con-
clude that the resistivity from two-particle scattering for
multiply connected Fermi surfaces is in general propor-
tional to T 2, but this is not the case. We show that the
T 2 resistivity vanishes if the electron–electron scattering
is present alone. With the advent of modern technolo-
gies and high-purity materials this issue becomes also of
practical importance.
In last decades, electric transport in 2D systems with
Rashba spin-orbit coupling10 became a subject of inten-
sive investigations. This coupling spin-splits the disper-
sion curve into the upper and lower helicity bands. It was
found that in the low-density regime when only the lower
band is filled, the impurity-related resistivity exhibits
an unconventional electron-density dependence11–13. Ap-
parently, this system is not Galilean-invariant and is de-
scribed at the same time by a minimum number of inde-
pendent parameters. Therefore it is of interest to calcu-
late its resistivity caused by two-particle collisions.
In this paper, we consider the effect of electron–
electron scattering in a generic Rashba spin-orbit cou-
pled 2D electron gas at temperatures smaller than the
coupling energy. Using the Boltzmann equation, we cal-
culate the resistivity of this system both in the presence
of impurities and in the pure case at high and low elec-
tron densities. Despite the doubly-connected Fermi sur-
face, the contribution to the resistivity from the electon–
electron collisions in the absence of impurities is propor-
tional to T 4 ln |EF /T | and not to T 2.
Consider a two-dimensional electron gas lying in the
xy plane, so its unperturbed Hamiltonian is of the form
Hˆ =
pˆ2x + pˆ
2
y
2m
+ α (σˆxpˆy − σˆy pˆx), (1)
where α is the Rashba coupling constant and σˆx,y are the
Pauli matrices. The diagonalization of this Hamiltonian
results in two branches of the spectrum
ε±(p) =
p2x + p
2
y
2m
± α
√
p2x + p
2
y, (2)
which correspond to the two rotationally symmetric non-
parabolic energy bands with opposite helicities that in-
tersect only in one point at p = 0 (the Dirac point, see
Fig. 1). The corresponding wave functions are spinors
Ψp±(r) =
1√
2
eipr/~
(
eiχp/2
±e−iχp/2
)
, (3)
where χp = arctan(px/py) so that the spin component
perpendicular to p is ±1/2. The position of the Fermi
level EF may be tuned by external electrostatic gates, so
it can cross either only the lower band, or both bands.
The electron–impurity and electron–electron scatter-
ing is assumed to be weak, so the charge transport may
be described by the Boltzmann equation in the basis of
eigenstates of Hamiltonian (1). In the linear approxima-
tion in the electric field E, it is of the standard form14
eE
∂εν
∂p
df¯
dεν
= Iimpν (p) + I
ee
ν (p), (4)
where ν = ± is the branch index and f¯ is the equilib-
rium Fermi distribution. The electron–impurity collision
integral may be written in the Born approximation as
Iimpν (p) = ni
∑
ν′
∫
d2p′
(2pi~)2
2pi
~
∣∣∣Uνν′pp′ ∣∣∣2 δ(εν − εν′)
× [fν′(p′)− fν(p)] , (5)
where ni is the concentration of impurities and U
νν′
pp′
is
the matrix element of the impurity potential between the
2FIG. 1. (a) 3D plot of the lower (red) and upper (blue) helicity
bands touching each other at the Dirac point. (b) The doubly
connected Fermi surface above and below the Dirac point.
Red and blue arrows show the directions of spin, black arrows
show the directions of velocity at each contour of the surface.
electron states (p, ν) and (p′, ν′). In the case of point-
like impurities with a potential U(r) = U0 δ(r), one easily
obtains that∣∣∣Uνν′pp′ ∣∣∣2 = 12 U20 [1 + ν ν′ cos(p̂,p′)]. (6)
The electron–electron collision integral is of the form
Ieeν (p) =
∑
ν1
∑
ν2
∑
ν3
∫
d2p1
(2pi~)2
∫
d2p2
(2pi~)2
∫
d2p3
× δ(p+ p1 − p2 − p3) δ(εν + εν1 − εν2 − εν3)
×W νν1,ν2ν3
pp1,p2p3
× [(1− f)(1− f1) f2 f3 − f f1 (1− f2)(1− f3)]. (7)
We assume that due to the screening by a nearby gate,
the interaction potential is short-ranged and may be writ-
ten as V (r−r′) = V0 δ(r−r′). Calculating the difference
between the matrix elements of direct and exchange in-
teractions between the states (3) and squaring it results
in the expression for the scattering probability
W νν1,ν2ν3
pp1,p2p3 =
pi
2
V 20
~
[1− ν ν1 cos(p̂,p1)]
× [1− ν2 ν3 cos(p̂2,p3)]. (8)
It is convenient to replace the momentum variable p by
the energy εmeasured from EF and the angle ϕmeasured
from the direction of electric field. The solution of Eq.
(4) in band ν is sought in the standard form
fν(ε, ϕ) = f¯(ε) + Cν(ε) f¯(ε) [1− f¯(ε)] cosϕ, (9)
where Cν describes the correction to f¯ in the electric
field. A substitution of this ansatz into Eq. (7) results
in the linearized collision integral
Ieeν (ε, ϕ) =
∑
ν1
∑
ν2
∑
ν3
∫
dε1
|vν1 |
∫
dε2
|vν2 |
∫
dε3
|vν3 |
× δ(ε+ ε1 − ε2 − ε3) (1 − f¯)(1 − f¯1) f¯2 f¯3
× (Ω2 Cν2 +Ω3 Cν3 − Ω1 Cν1 − ΩCν) cosϕ, (10)
where the quantities
Ωi(ε...ε3, ν...ν3) =
∫
d2p1
(2pi~)2
∫
d2p2
(2pi~)2
∫
d2p3
×W νν1,ν2ν3
pp1,p2p3 cos(p̂,pi) δ(p+ p1 − p2 − p3)
× δ(|p1| − pν1) δ(|p2| − pν2) δ(|p3| − pν3) (11)
include both the scattering parameters and the effec-
tive phase volume available for the scattering, pνi(εi) is
the solution of equation ενi(p) = EF + εi, and vνi =
(dpνi/dεi)
−1 is the corresponding velocity.
The interband scattering is relevant only if the Fermi
level crosses both helicity bands. However if it is located
below the Dirac point, the Fermi surface is still doubly
connected because of nonmonotonic ε−(p) dependence.
In this case, one can use the above equations by replacing
labels ν± with λ =≷ that correspond to the ascending
and descending portions of this curve. The products νν1
and ν2ν3 must be set equal to 1 and the remaining νi must
be replaced by λi. However it should be kept in mind that
v>(ε) = −v<(ε), while v+(ε) = v−(ε). Depending on the
sign of EF , we denote either ν or λ by µ where it does
not lead to a confusion and imply that −µ reverses the
sign of ν or sense of λ. For example, the equation for the
current density may be written as
j =
e
4pi~2
∑
µ
sgn vµ
∫
dε f¯(1− f¯) pµCµ. (12)
First of all we calculate the collision integrals Iimpµ and
Ieeµ assuming Cµ and all other quantities except the dis-
tribution functions f¯i to be energy-independent. The
electron–impurity collision integrals are easily calculated
and equal
Iimpµ (ε, ϕ) = −Γ0 cosϕ f¯(1− f¯)
[
(pµ + 2 p−µ)Cµ
+ sgnEF p−µC−µ
]
/(pµ + p−µ), (13)
where Γ0 = niU
2
0 (pµ + p−µ)/4~
3|vµ| and all quantities
except f¯ are taken at ε = 0. The sign between the terms
in the square brackets depends on whether the electron
velocity at the inner and outer Fermi contours has the
same or opposite signs. If only the impurity scattering
is present, the system of equations (4) is easily solved in
Cµ to give
Cimpµ = eE vµ (Γ0 T )
−1 pµ/(pµ + p−µ), (14)
and calculating the current via (12) gives the same cur-
rent density as in Refs.11,12.
3FIG. 2. The dependences of Φµ on EF/ESO. Φ≷ exhibit a
logarithmic singularity at EF = −ESO, and Φ±(∞) = 16.
Under the same conditions, the collision integral (10)
is proportional to T 2 and may be brought to the form
I¯eeµ (ε, ϕ) = Γ2(T ) cosϕ f¯(1− f¯) (ε2/T 2 + pi2)
× Φµ(EF /ESO) (pµC−µ − p−µCµ)/(pµ + p−µ), (15)
where Γ2(T ) = V
2
0 T
2 (pµ+p−µ)/32pi
3~5|vµ|3 and ESO =
α2/2m is the characteristic energy of spin-orbit cou-
pling. The dimensionless functions Φµ represent the
phase volume available for the scattering and can be
calculated only numerically (see Fig. 2 and Appendix
for details). Except for the explicit form of Γ2 and Φµ,
Eq. (15) does not depend on the presence of spin-orbit
coupling. It is clearly seen that in this approximation,
Ieeµ is zero for any distribution function of the form (9)
with pµC−µ = p−µCµ. Therefore in the absence of impu-
rity scattering, the system of kinetic equations (4) with
Ieeµ given by Eq. (15) becomes degenerate and has no
stationary solution.
To overcome this difficulty, we first consider the case
where the impurity scattering is strong and Iee may be
treated as a perturbation. The solution of Eq. (4) is
sought as a sum f = f¯ + δf imp + δfee, where δf imp is
given by Eq. (9) with Cimpµ from Eq. (14), and δf
ee is
the solution of equation
Iimpµ {δfee}+ I¯eeµ {δf imp} = 0. (16)
This equation is easily solved for Ceeµ and the correction
to the current is calculated using Eq. (12). Below the
Dirac point, it equals
δjee = −2pie
2E
3 ~2
Γ2
Γ20
v>
p>p<
[
p2< Φ< + p
2
> Φ>
]
(p> + p<)3
. (17)
The inelastic correction to the current tends to zero
as EF → 0 and vanishes above EF because C≷ from
Eq. (14) turn Iee≷ {δf imp} into zero. Actually this is a
consequence of equal slopes of the two dispersion curves
ε+(p) and ε−(p) at the same energy. The correction log-
arithmically diverges at the bottom of the lower helicity
band because of singularity in Φ≷ due to head-on colli-
sions of electrons on the different Fermi contours as p>
and p< approach each other. This implies that the per-
turbative result Eq. (17) breaks down in this limit.
If the sample is clean, one has to take into account
higher-order terms in T in Ieeµ to remove the degeneracy
of system of equations (4). To this end, we expand all
pµ and vµ to the second order in ε in Eqs. (10) and
(11) while keeping Cµ energy-independent. We retain
only those terms in Eq. (10) that exhibit singularities
at p ≈ p1 and p ≈ −p1. These singularities are well
known for electron–electron collisions in 2D systems15–17
and lead to the ln(EF /T ) factor in the inverse lifetime
of quasi-particles. They arise if the four indices µ...µ3
in Eq. (10) include two coinciding pairs. The system of
kinetic equations (4) may now be recast in the form
eEvµ cosϕ
∂f¯
∂ε
= I¯eeµ (ε, ϕ) + δI
ee
µ , (18)
where I¯eeµ is given by Eq. (15) and δI
ee
µ presents terms
of higher order in ε or T .
The right-hand side of Eq. (18) may be considered
as a linear operator acting on the two-component vec-
tor Cµ. To find the most singular part of the solution
at T → 0, one may find the eigenvector of this opera-
tor with the lowest eigenvalue, project the left-hand side
on it and divide it by its eigenvalue. In the absence of
δIeeµ , such eigenvector is Cµ = pµ, and the correspond-
ing eigenvalue is zero. To avoid the division by zero,
one has to calculate the correction to this eigenvalue
due to δIeeµ using the above eigenvector and the stan-
dard perturbation theory18. However the same result
may be obtained in a much shorter way: it is sufficient
to integrate both parts of Eq. (18) over ε, solve it in
Cµ and isolate the part of the solution that is most sin-
gular at T → 0. The integration of the left-hand side
gives −eEvµ cosϕ, the integration of I¯eeµ reduces to the
replacement of f¯(1 − f¯) (ε2/T 2 + pi2) in Eq. (15) by
(4/3)pi2 T , and
∫
dε δIeeµ (ε, ϕ) = T Γ4(T )
(
sgn vµ − 2m|vµ|/pµ
)
× (Cµ + C−µ) cosϕ, (19)
where Γ4(T ) = (4piV
2
0 T
4/15~5mv6µ) ln |EF /T | is the ef-
fective relaxation rate due to the electron collisions. It
is assumed that |EF | ≫ T . The most singular part of
the solution is inversely proportional to Γ4 and satisfies
the relation pµC−µ = p−µCµ. The corresponding current
density is given by Eq. (12) with vµ, p±µ, and Φ±µ taken
4FIG. 3. The dependence of conductivity σ = j/E in arbitrary
units on EF/ESO. It diverges as E
−1
F on both left and right
sides of EF = 0.
at EF
j =
e2E
4pi~2 Γ4
∑
µ
vµ p
3
µ p−µ (Φµ + sgnEF Φ−µ)
p2µΦµ + sgnEF p
2
−µΦ−µ
× (pµ + p−µ)−1 (20)
and has the temperature dependence T 4 ln |EF /T |. A
similar temperature dependence was recently obtained
for the relaxation rate of higher-order odd angular har-
monics of electron distribution in 2D systems with
parabolic spectrum due to electron–electron collisions.
The T 4 dependence was predicted by Gurzhi et al.19,
and the additional logarithmic factor was recently found
in Ref.20. The j(EF /ESO) dependence is shown in Fig. 3.
The current density is zero at the bottom of the lower he-
licity band but formally diverges at the Dirac point. As
EF increases further, it decreases to a finite value and
then increases again to an infinite value at EF → ∞
where the Rashba coupling can be neglected. The singu-
larity at EF = 0 is due to the collapse of the inner Fermi
contour at the Dirac point, which makes the Fermi sur-
face effectively singly connected.
The electron–electron dominated resistivity is larger
than the contribution from electron–phonon scattering,
which is proportional to T 4.5 at low temperatures21. The
possibility of observing it depends on the quality of the
samples. A good candidate for such experiments is 2D
electron gas in InAs, which exhibits a strong spin-orbit
coupling with Rashba parameter ~α = 1.2 eVA˚22. The
electron-electron scattering effects are more prominent
at low concentrations when only the lower helicity band
is filled. At T = 4 K, electron concentration 3 · 1010
cm−2, and the gas–gate distance of 20 nm, one obtains
the transport scattering length lee = |vµ|/Γ4 ∼ 200 nm.
This is well below the elastic mean free path of 800 nm
reported very recently in InAs 2D electron gas in Ref.23.
The above effect is not specific to systems with helical
bands and is relevant to any 2D Fermi liquid with ro-
tational symmetry and doubly connected Fermi surface.
There is certain type of nonequilibrium distribution of
electrons among the two contours of Fermi surface that
survives the usual T 2 electron–electron relaxation and yet
contributes to the current. Therefore it can only relax ei-
ther through the impurity scattering or through the T 4
terms in the electron–electron collision integral despite
the apparent absence of Galilean invariance. Much like
as in the case of a simply connected Fermi surface, a suf-
ficient condition for the disappearance of T 2 resistivity is
rotational symmetry of the system. However the dip in
the resistivity at the Dirac point is a specific feature of
2D electrons with Rashba interaction.
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Appendix A: Expressions for Φ≷
The quantities Φ≷ that appear in the electron–electron collision integral Eq. (15) below the Dirac point are obtained
as the sums of integrals
Φ< =
8∑
i=1
ζi(x), Ψ> =
8∑
i=1
ζi(1/x), (A1)
where
ζ1(x) = 0, (A2a)
ζ2(x) = ζ3(x) =
pi∫
−pi
dϕ (1 − cosϕ) 1 + x
2 + 2 cosϕ
4 x
∣∣∣∣∣Re
√
(1 + x)2/2− 1− cosϕ
1 + cosϕ− (x− 1)2/2
∣∣∣∣∣ , (A2b)
ζ4(x) =
1
x
pi∫
−pi
dϕ (1 − cosϕ)
∣∣∣Re√(2 x2 − 1− cosϕ)(1 + cosϕ)∣∣∣ , (A2c)
ζ5(x) = −x
pi∫
−pi
dϕ (1− cosϕ) cosϕ
∣∣∣∣∣Re
√
3/x− x− 2 cosϕ
x+ 1/x+ 2 cosϕ
∣∣∣∣∣ , (A2d)
ζ6(x) = ζ7(x) = x
pi∫
−pi
dϕ (1 − cosϕ)2
√
1− cos2 ϕ
x+ 1/x+ 2 cosϕ
, (A2e)
ζ8(x) =
pi∫
−pi
dϕ (1− cosϕ)
∣∣∣∣∣Re
√
3 x− 1/x− 2 cosϕ
x+ 1/x+ 2 cosϕ
∣∣∣∣∣ , (A2f)
and x = p>/p<. The transition to the dependence on EF below the Dirac point is performed by means of equation
x =
1 +
√
1 + EF /ESO
1−
√
1 + EF /ESO
. (A3)
Quantities Φ± that appear in the electron–electron collision integral Eq. (15) above the Dirac point are represented
by the sums of expressions
Φ− =
8∑
i=1
ξi(y), Φ+ =
8∑
i=1
ξi(1/y), (A4)
6where
ξ1(x) = 0, (A5a)
ξ2(y) = ξ3(y) =
pi∫
−pi
dϕ (1− cosϕ) 2 y
2 cosϕ+ y2 + 1
4 y
∣∣∣∣∣Re
√
(y−1 − 1)2/2− 1− cosϕ
1 + cosϕ− (y−1 + 1)2/2
∣∣∣∣∣ , (A5b)
ξ4(y) =
pi∫
−pi
dϕ (1− cosϕ)
√
cosϕ+ 1
∣∣∣Re√2− y2 (1 + cosϕ)∣∣∣ , (A5c)
ξ5(y) = −
pi∫
−pi
dϕ
cosϕ (cosϕ+ 1)
y
∣∣∣∣∣Re
√
3y − 1/y − 2 cosϕ
y + 1/y + 2 cosϕ
∣∣∣∣∣ , (A5d)
ξ6(y) = ξ7(y) =
pi∫
−pi
dϕ
(cosϕ+ 1)
2
√
1− cos2 ϕ
y2 + 2y cosϕ+ 1
, (A5e)
ξ8(y) =
pi∫
−pi
dϕ (cosϕ+ 1)
∣∣∣∣∣Re
√
3/y − y − 2 cosϕ
y + 1/y + 2 cosϕ
∣∣∣∣∣ , (A5f)
and y = p−/p+. The transition to the dependence on EF above the Dirac point is performed by means of equation
y =
√
EF /ESO + 1 + 1√
EF /ESO + 1− 1
. (A6)
Overall dependences of quantities Φ≷ and Φ± on EF are shown in Fig. 2 of the paper. At EF = −ESO, both Φ<
and Φ> exhibit a logarithmic singularity
Φ≷(EF /ESO) = 16 ln
(
ESO
EF + ESO
)
. (A7)
At the Dirac point EF = 0, Φ≷ smoothly join Φ±, so that
Φ<(0) = Φ+(0) = 16 + 2
√
3pi, Φ>(0) = Φ−(0) = 0. (A8)
In the limit EF /ESO →∞, both Φ+ and Φ− tend to the same limiting value
Φ+(∞) = Φ−(∞) = 16. (A9)
